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The behavior of a new chemical reaction model was studied and the existence of hard oscillations was con-
firmed. This chemical reaction model is useful because it is easy to apply to investigations of the behavior of a

chemically oscillating system surrounded by membranes or in a well-stirred continuous flow reactor.

The latter

was discussed relating to the chaotic oscillations due to the Belousov-Zhabotinskii reaction in a well-stirred con-

tinuous flow reactor reported by Schmitz ef al.

Until now many papers about behaviors of chemical
systems far from equilibrium states have been pres-
ented.’~29 A system far from an equilibrium state
occasionally shows a characteristic phenomenon like
chemical oscillations.'=% The representative exempli-
fied phenomenon is observed on the Belousov-
Zhabotinskii reaction.!)  This chemical system has been
investigated by many investigators and especially Noyes
et al. of Oregon University studied in detail'¥ and
proposed a well-known chemical reaction model called
“Oregonator.””® The fundamental theory of nonequi-
librium thermodynamics has been developed mainly
by Prigogine and his school.?) According to them,
the steady state of the system far from an equilibrium
state is not always stable and transits to formation
of a new type of structures when the system changes
beyond a critical point of instability. These structures,
which are occasionally heterogeneous and oscillatory
states, are called the dissipative structures. It is quite
remarkable that some of the most spectacular aspect
of biological activities, such as control of cellular
division, cellular differentiation and morphogenesis,
can be modeled in terms of dissipative structures.2:12)

We have studied a model chemical system having
multiple steady states in order to investigate the chemi-
cally oscillatory phenomena,'®) and these studies were
applied to the problem of absolutely asymmetric syn-
thesis.1¥ In this paper, a new chemical reaction model,
which is derived from our model of chemical oscil-
lations,’® is proposed and studied in detail. This
chemical system shows stable oscillations around a
stable steady state and pulse generations around the
sustained oscillatory state with a small amplitude.

The present chemical reaction model can be applied
to investigate the behavior of a chemical oscillatory
system which is enclosed by a membrane or in a well-
stirred continuous flow reactor. It seems that the
application to the latter system is useful for interpreting
the chaotic oscillations of the Belousov-Zhabotinskii
reaction in a well-stirred continuous flow reactor ob-
served by Schmitz et al.'®

Behaviors of Chemical
Reaction Model

Chemical Reaction Model.
lowing reaction system;

We consider the fol-
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These reaction steps proceed homogeneously at con-
stant temperature and pressure. The concentrations
of P, 4, B, and C are kept constant by means of an
external control in order to sustain the system far
from equilibrium. E and X are the reaction inter-
mediates and the rates of changes in the concentrations
of E and X are expressed respectively by

dE

4 = bP — BEX — K, (1)
dX 2 3

- = keAEX? — REXS — kBX + kG — kX (2)

In order to study the behavior of this chemical
system at the steady state, the conditions dE/d¢=0
and dX/dt=0 are applied to Egs. 1 and 2 to obtain

kP — kEX — kE = 0, 3)
k,AEX? — k,EX® — kBX + k€ — kX = 0. (4)

We put k,=ks=o hereafter for simplicity. The steady
state values of X and E were obtained by solving
these equations and plotted in Fig. 1 as a function
of o for various values of P. The solid and dotted
portions indicate stable and unstable steady states,
respectively. Parameter values used are as follows;

A=1.332, B=5.02, C=5.35, k;=0.1, k,=0.476,
ky=100.0, k,=48.64, k;=10.0, k;=1.0,
P=1.50(a), 2.0(b), 2.5(c), 2.9(d), and 3.2(e).

These parameter values were also used for study of
a chemical oscillation model in the preceding paper.1®
In the case (e), the steady state is stable in a range
of adequately small « values and changes into unstable
when « increases beyond a critical point near a=
0.014 and again returns stable in a range beyond a
critical point near «=0.224; that is, it is expected
that a sustained oscillatory state is realized in the
dotted line region. To confirm this expectation, Egs.
1 and 2 were solved for P=3.2 by the Runge-Kutta
method with a digital computer. Three of calculated
results are shown in Fig. 2. In the case (a), the am-
plitude of oscillations is small, but in the cases (b)
and (c), the amplitudes are equally large. In Fig.
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Fig. 1. Plots of steady state concentration of X ob-

tained from Egs. 3 and 4 against «. Solid lines
represent stable steady states and dotted lines rep-
resent unstable ones. Parameter values used are;
A=1.332, B=5.02, C=5.35, k,=0.1, k,=0.476, k;=
100.0, k,=48.64, k;=10.0, k4=1.0, (a) P=1.50, (b)
P=2.0, (c) P=2.5, (d) P=2.9, and (e) P=3.2.
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Fig. 2. Results of numerical solution of Egs. 1 and

3, the amplitude of oscillation is plotted against «.
The upper and lower thin dotted lines show the width
The thick solid and dotted line in-
dicates stable and unstable steady state, respectively.
The amplitude of oscillation decreases drastically at
the critical point of «=0.2238, and this suggests co-
existence of stable oscillatory and stable non-oscillatory
states, where the oscillatory states are not self-induced
but are initiated by a finite perturbation at the stable
This phenomenon is called hard
Actually, it was confirmed from cal-

of oscillations.

non-oscillatory states.

oscil

2 for P=3.2, (a) «=0.015, (b) «=0.14, and (c) a=
0.222. Other paremeter values used are the same
with those of Fig. 1. The steady states are unstable
for these parameter values and oscillations occur.

lations.19)
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Fig. 3. Plot of amplitude of oscillations against o

value determined from Egs. 1 and 2. All the pa-
rameter values are the same with those of Fig. 1.
Two types of transition points are shown. At the
transition point near «=0.014, the amplitude increases
continuously with an increasing value of «, while a
hard oscillation occurs at the transition point near
about «=0.2238. Sece Fig. 5.
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Fig. 4. Behaviors of the chemical system around the

stable steady state. X indicates the stable steady
state. When a calculation is started from the initial
state of X=0.215 and E=0.969, the chemical system
falls into the stable steady state and it is started from
the initial state of X=0.214 and E£=0.969, the system
falls into the stable oscillatory state. «=0.2237.
X (X=0.224, E=0.9689).

culations of Eqgs. 1 and 2 at «=0.2237 that a sustained
oscillatory state encloses a stable steady state.
enlarged picture of a region around the stable steady
state is shown in Fig. 4. When a calculation is started
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Fig. 5. Amplitude behavior of oscillations at the tran-

sition point. o«c=0.2238.
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Fig. 6. Amplitude behavior of oscillations near o=
0.0077 for k,=0.5, k,=2.38, and P=1.05. Other
parameter values are the same with those of Fig. 1.
s=0.0077.

from the initial state of X=0.215 and E=0.969, the
chemical system falls into the stable steady state and
when it is started from the initial state of X=0.214
and E=0.969, the system falls into the stable oscil-
latory state. In this case, both the oscillatory and
non-oscillatory states coexist, and the transition from
(or to) sustained oscillatory state to (or from) non-
oscillatory state has a threshold.1® ,

The diagram relating the amplitude of hard oscil-
lations to « is depicted in Fig. 5. Hysteresis behavior
would be observed for the transition between the
sustained oscillatory state and the stable steady state.
When « decreases from 0.224 to lower values, the
steady non-oscillatory state would result until « be-
comes to 0.22366; at this point the transition from
the non-oscillatory to the oscillatory states would occur.
When « is lower than 0.22366, only the oscillatory
state appears. Reversely, the oscillations would per-
sist until o increases beyond 0.2238. This situation
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Fig. 7. Behaviors of the chemical system starting from
two different initial states. When it starts from (X=
0.33, £E=0.95), the chemical system goes on a long
excursion before falling into the stable oscillatory
state displayed with a thick closed line. While,
when it start from (X=0.30, E=0.95), it falls into
the stable oscillatory state accompanying damped
oscillations. =0.0072.

results in a hysteresis phenomenon.

Excitation Around a Sustained Oscillatory State. The
solution of Egs. 1 and 2 are shown in Fig. 6 for k=
0.5, k,=2.38, and P=1.05. The amplitude of oscil-
lation changes drastically at about «=0.0064, and
the amplitude decreases gradually with increasing «
and eventually disappears when the stability of steady
state becomes stable. When «=0.0072, this chemical
system has an oscillatory state with a small amplitude.
This oscillatory state is shown with a closed cycle
drawn by thick line in Fig. 7. The chemical system
falls into this stable oscillatory state from any initial
states, although the routes to the oscillatory state
depend greatly on the initial states. When it starts
from the state (X=0.33, £=0.95), the chemical system
goes on a long excursion before falling into the sus-
tained oscillatory state, and when it starts from the
state (X=0.30, E=0.95), it falls into the stable oscil-
latory state accompanying a damped oscillatory be-
havior. Only pulse generation is observed when the
system is brought by a certain distance from the oscil-
latory state. This system shows therefore the phe-
nomenon of pulse generation with a threshold.513,17,18)

Application to a Membrane-
chemical System

Now let us consider a membrane-chemical system
which consists of the chemically oscillatory model
(R-1)—(R-4) surrounded by a membrane. This model
was used in our preceding paper!® to investigate the
chemically oscillatory behaviors. In this system, the
concentrations of 4, B, C, and P inside the membrane
are kept constant by means of an external control,
and the concentrations of £ and X outside the mem-
brane are maintained to be zero. All of the chemical
species are homogeneously distributed inside the mem-
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brane. Then, the rates of permeation of E and X
through the membrane are expressed as;
Jr = hzE, ®
Jx = hxX, (6)

where h; and hy are the permeation coefficients of
E and X, respectively. Then, the rate equations of
E and X inside the membrane are written as;

idf_ — kP — kyEX — hgES|V, ()

Ccll—‘tY = k,AEX® — k,EX® — k;BX + kG — hxXS|V, (8)
where S and V are the surface area and the volume
of the reaction region surrounded by the membrane,
respectively. If we put hgS/V=hyS/V=e, Egs. 7 and
8 become the same type equations with Eqgs. 1 and
2, respectively. Therefore, we can discuss the be-
haviors of the chemical system surrounded by a mem-
brane with the completely same method described
in the preceding section.

Every living system is constructed of cells and every
cell is surrounded by a lipid bilayer membrane which
transports substances necessary for living process, and,
therefore, it is important to explain behaviors of the
chemically oscillatory system surrounded by mem-
brane.?:6:10)

Behaviors of the Chemically
Oscillatory Model in a Well-stirred
Continuous Flow Reactor

In this section, let us study behaviors of the chemi-
cally oscillatory model (R-1)—(R-4) in a well-stirred
continuous flow reactor. Schmitz et al. studied the
behaviors of the Belousov-Zhabotinskii reaction in a
well-stirred continuous flow reactor and observed cha-
otic oscillations in a certain region of flow rate.l®
They explained this behavior based on the idea of
Rosseler;!® that is, a phase point moves on a folded
surface with an unstable steady state in a phase space
of three variables, and hysteresis transition across a
fold generates chaotic behaviors.

Noyes et al.?9 reported that chaotic oscillations of
the Oregonator can be explained by some modifica-
tions of their chemical model. They used a model
containing seven intermediates and analyzed the sta-
bility of steady states by introducing a new variable
P, which represents the concentration of the inter-
mediate HOBr. There exists a certain value of P
where the stability of steady state reverses, and the
linkage of P with other chemical species results in
random oscillations of large and small amplitudes
under suitable conditions.

The present investigation shows that the chaotic
behaviors can be explained without any modification
of the reaction steps of the original model and, there-
fore, the chaotic oscillations of the Oregonator ob-
served by Schmitz et al® can be also explained by
the present method, which is quite different from the
method by Noyes et al.20

Now let us consider a well-stirred continuous flow
reactor, in which a series of reactions (R-1)—(R-4)
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is taking place with a constant feed of a fresh raw
solution and a continuous removal of a reacted solu-
tion. The feed solution is composed of chemical species
A, B, C, and P and the reacted solution is composed
of 4, B, C, E, P, R, and X. The total flow rate of
the solution into the reactor is J and the volume of
the flow reactor is V. We put J/V as g for abbrevia-
tion.

The material balance of these chemical species in
the reactor is expressed as

dp

~a = BP.—P) — &P, ©

d4 P ATNE 4 F

5 = B4.—4) — k/AEX® + K/EX, (10)

dB

& = PBo—B) — k’BX + k/C, (11)

dc

5 = B(Co—C) + k'BX — k/C, (12)

d

% = k/P — k/EX — BE, (13)
dx

= k/AEX* — k/EX® — k'BX + k/C — pX. (14)

e
Here A4,, B,, C,, and P, are concentrations in the
feed solution and A4, B, C, and P are uniform con-
centrations in the reactor. The terms including £
represent flow terms.

Equation 9 is solved to give the solution

BP, +( ,__BP,

B+k/ B+kS
where P’ is an initial value of P. When ¢ is ade-
quately large, P becomes to BP, [(f+4i), independ-
ently of P’ value. Here we adopt the following values;
ki=0.5x10-5, £k;=2.38, k=1.0x10-3, ki=48.64, k=
1.0x 1074, and £=1.0 1073, Then, P is nearly equal
to P, when g is sufficiently larger than £i. The
values of 4, B, and C are similarly discussed and it
was shown that their final concentrations are nearly
equal to A, B, and C,, respectively.?)). When
we put P =1.05x10% 4 ,=1.332x10% B ,=5.02x
105, and C,=5.35Xx10% the values of kP, kA,
kiB,, and kiC, are equal to those of kP, k4, k;B,
and k¢C, which were used in the preceding sections.
Then, we can discuss the behaviors of the chemical
system (R-1)—(R-4) in a well-stirred continuous flow
reactor by the aid of the results shown in Figs. 6 and
7, where « is exactly equivalent to §. In this situation
there is an abrupt change in amplitude at about =
0.0064 and a small deviation causes pulse generation
around the sustained oscillatory state, as shown al-
ready. Therefore, small random deviations of flow
rate cause randomly large or small amplitude oscil-
lations. Moreover, any actual system is under in-
fluences of fluctuation. Then, we have to use the
rate equations including fluctuation terms in order
to investigate the behaviors of the chemical system
at a critical point.!3)

dE

5 = BPo— WEX — [B+BF0)]E+G(),

P =

(15)

)e—(ﬂ+k1')8,

(16)
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d
AX kA EX® — k/EXO — k/B.X

dt
+ k'Co — [B+BF(1)]X + O0H(1), 17)

where F(t), G(t), and H(t) are the fluctuation terms
of Gaussian type.’® The average values <{(F(1)),
{G(t)>, and <(H(t)) are zero and the standard
deviations are set to be 0.1. The coefficients §’, v,
and 0 represent the strengths of fluctuations, and
B'F(t) corresponds to the fluctuation of flow rate and
yG(t) and 8H(t) correspond to the concentration fluc-
tuations of E and X, respectively. Figure 8 illustrates
behaviors of the chemical reaction model in a well-
stirred continuous flow reactor for various values of
f. At lower values of flow rate J, only large am-
plitude oscillations appear and in some range of flow
rate, shown by (c) and (d), both large and small am-
plitude oscillations appear randomly. When the flow
rate increases much more, only small amplitude oscil-
lations occur and fade out, as shown by the cases of
(e) and (f). These results agree essentially well with
that of Schmitz et al.1®

References

1) A. M. Zhabotinskii, Dokl. Akad. Nauk SSSR, 157,
392 (1964).

2) P. Glansdorff and I. Prigogine, “Thermodynamic
Theory of Structure, Stability, and Fluctuations,” Wiley,
New York (1971).

3) H. S. Hahn, P. Ortoleva, and J. Ross, J. Theor. Biol.,
41, 503 (1973).

4) R.]. Field and R. M. Noyes, J. Chem. Phys., 60, 1877
(1974).

5) H. S. Hahn, A. Nitzan, P. Ortoleva, and J. Ross,
Proc. Nat. Acad. Sci. U. S. A., 71, 4067 (1974).

6) M. Send, K. Iwamoto, and K. Sawada, J. Theor.
Biol., 72, 577 (1978).

7) B. B. Edelstein, J. Theor. Biol., 29, 57 (1970).

8) F. Schldgl, Z. Phys., 253, 147 (1972).

9) M. H. Kaufman and G. Nicolis, J. Chem. Phys., 56,
1890 (1972).

10) M. P. Hanson, J. Chem. Phys., 60, 3210 (1974).

11) R.]. Field, E. Koros, and R. M. Noyes, J. Am. Chem.
Soc., 94, 8649 (1972).

Chemical Reaction Model Showing Hard Oscillations 673

10 _
(a) (d)
1 MWM) W
10" —
(b) (el
1
) V‘WMJ/
’V\/\/V\ANVWW
16’
(e (n
1 -
» VPN
10
0 20 0 20 40

Time (Arbitrary unit)

Fig. 8. Oscillatory behaviors under influences of fluc-
tuations. fB=j/V. B’=0.001, y=0.001, §=0.001,
(a) B=0.001, (b) B=0.006, (c) f=0.0065, (d) f=
0.007, (e) B=0.008, and (f) p=0.01. A4,=1.332X%
10°, B,=5.02x 105, C,=5.35x105, P,=1.05x 105,
ky'=0.5%x10-5, k,’=2.38, k,/=1.0x10-3, k,/=48.64,
ks’=1.0x10-%, and k¢'=1.0x10-%.

12) G. Nicolis and I. Prigogine, ‘“‘Self-organization in
Nonequilibrium Systems,” Wiley, New York (1977).

13) K. Iwamoto and M. Send, J. Chem. Phys., 70, 5851
(1979).

14) K. Iwamoto and M. Send, J. Chem. Phys., 70, 5858
(1979).

15) R. A. Schmitz, K. R. Graziani, and J. L. Hudson,
J. Chem. Phys., 67, 3040 (1977).

16) A. Uppal, W. H. Ray, and A. B. Poore, Chem. Eng.
Sci., 29, 967 (1974).

17) R. J. Field, J. Chem. Phys., 63, 2289 (1975).

18) J. J. Tyson, J. Chem. Phys., 66, 905 (1977).

19) O. E. Réssler, Z. Naturforsch., Teil A, 31, 259 (1976).
20) K. Showalter, R. M. Noyes, and K. Bar-Eli, J. Chem.
Phys., 69, 2514 (1978).

21) This was confirmed by solving Egs. 9—14 with a
digital computer. The calculated results will appear else-
where soon.




